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1. Introduction - A Brief History of the Piano 

The pianoforte is one of the most common played and written for musical instruments to date. 

Countless works spanning almost every musical genre have been written specifically with the 

instrument in mind. Like many inventions throughout history, the pianoforte has no single 

inventor as its design was being developed independently in France, Italy and Germany at the 

beginning of the eighteenth century. All three original designs had a common goal of adding 

a dimension of expressivity to previous designs of keyboard based instruments. These 

previous keyboard designs, such as the harpsichord, worked on a mechanism of the strings 

being plucked when the note is depressed. This plucking action confines the note to a single 

volume, and as a result of this, a single timbre. In 1709 the Italian harpsichord maker 

Bartolomeo Cristofori replaced these plucking pegs with small leather hammers. These 

hammers struck the strings, thus introducing a certain amount of control over the volume of 

the note. Cristofori named his design gravicembala col piano e forte. This literally translates 

into the English as „a large harpsichord with soft and loud‟. Over time, the name was 

shortened to piano e forte, or pianoforte before adapting the modern name of piano which we 

are familiar with today. 

 With the demand for a more accurate tuning and increased volume from the 

instrument, the wooden frame of the piano was reinforced with bits of iron, and in 1825, a 

complete cast iron plate was introduced allowing the strings to be held at a much greater 

tension. A year after the introduction of the iron plate, the small leather hammers were 

replaced with larger felt hammers by Pape, a Paris piano maker. Figure 1 shows the main 

components involved in piano manufacture: 

 

Figure 1: Main components of piano manufacture. Askenfelt (1990:12) 
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Over time, more work was done on improving the action on the piano to increase both the 

volume range and the ease of play, and the main concepts of the modern piano hardly 

digresses from the 1840 design. During the second half of the nineteenth century however, 

there was more demand for a smaller more compact design. Although many new designs 

were patented, the upright and grand piano styles are the only common design today. 

 

Figure 2: Mason & Hamlin Model A 

Baby Grand (right) and Broadwood & 

Sons Barless Upright Piano (below).  

Williams (2002: 69, 89).  

 



5 

 

2. Physics of the Piano 

2.1 Previous work 

In the late 1870‟s, Lord Rayleigh published his two-volume book, The theory of Sound. He 

postulated that the stiffness of a piano string affects the restoring force and this in turn causes 

the partial frequencies to be higher then expected. Nearly a year later, Fletcher conducted a 

much more detailed experiment using Rayleigh‟s work as a starting block and published his 

paper, Normal vibrations of a stiff piano string. Fletcher derived a mathematical equation for 

the inharmonicity of a string for both pinned and clamped boundary conditions. The term 

inharmonicity coefficient was established and denoted the letter B. In this project, I will 

follow the guidelines of Fletchers benchmark paper of 1964 to try and determine B for six 

piano strings. 

 

2.2 Normal Modes 

In its most basic form, the piano is a set of steel strings suspended under high tension 

between two supports. For the basic acoustics of the piano, this can be modelled as an ideal 

string undergoing simple harmonic motion. As the string supports introduce a boundary 

condition, the string is confined to modes of vibration with a node at both extremities of the 

string. This allows the string to vibrate at a fundamental frequency, f0 or an integer value of 

this frequency, nf0, known as normal modes. In reality, the string vibrates at the fundamental 

frequency along with many higher frequencies known as partials. The ratio of the frequencies 

present and their relative amplitudes gives the sound its specific tone or colour. A sketch of 

frequency against amplitude is often very useful to analyse the frequency components of a 

sound. The first three normal modes of an ideal string along with a simultaneous vibration of 

the first and third modes is shown in Figure 3: 

 

 

 

Figure 3: The first three normal modes and a 

simultaneous vibration of the first and third 

mode. Blackham (1977:10). 
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2.3 Tuning and inharmonicity 

The standard wave relationship states that the speed of the wave is equal to the frequency 

multiplied by the wavelength: 

fv                                                                (1) 

Due to the boundary conditions in the normal modes, the length of the string equals half of 

the wavelength for the fundamental frequency: 

l

v
f

2
                                                                (2) 

Thus the fundamental frequency of a string is inversely proportional to its length. For a piano 

with seven octaves, ftop=128*fbottom. This would result in an unrealistic difference in string 

lengths assuming the speed of sound remains constant. To get around this problem, we can 

give the strings a stiffness, and in the extreme cases of the lower end of the piano, we can 

increase the thickness of the strings by winding them with copper. Unfortunately, due to this 

change in design, the string departs from the ideal string approximation. 

We now find that the partial frequencies of a piano string do not occur at integer multiples of 

the fundamental but deviate very slightly. This phenomenon is known as the inharmonicity of 

the piano string and will be the main investigation point of this experiment. 

This inharmonicity feature of the piano introduces some tricky tuning issues connected with 

the idea of equal temperament. Equal temperament tuning has become the standard in 

western music since its theory became a reality in the 1830‟s with the invention of the tuning 

fork tonometer. In the equal temperament scale, the octave is split into frequencies exactly 

one twelfth apart from each other. As an octave is represented as a double in frequency, the 

frequency ratio between two adjacent semitones is the twelfth root of two; 

cents
f

f

n

n 10005946.12121 

                           (3) 

Piano tuners often tune by hearing beats. Two frequencies that are very close together 

produce beats that sound like a low frequency oscillation. When the beats slow down and 

eventually stop, the two notes possess the exact same frequency. An octave is therefore tuned 

by comparing the upper octave first partial frequency with the lower octave second partial 

frequency. If however the second partial occurs at a slightly higher frequency then the integer 
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multiple due to the inharmonicity of the string, the upper octave will be tuned sharp. 

Similarly, the lower octaves of the piano will be tuned flat. This phenomenon is known as 

stretched tuning. Detailed experiments on stretched tuning were performed by Railsback in 

1938 and Figure 4 shows the results of his work; calculated tunings along with an average of 

tunings from sixteen test pianos. 

 

 

 

Figure 4: Theoretical and experimental Railsback curve. Schuck & Young (1977: 47). 
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2.4 Theoretical prediction of partial frequencies 

When a piano string is displaced a distance y at a position x along the string, the tension (T) 

in the string creates a restoring force that tries to pull the string back into its equilibrium 

position. This force can be expressed as 

2

2

x

y
T



                                                                (4) 

This force used with Newton‟s second law gives us the classic wave equation. However, the 

string cannot be modelled as ideal as it has a stiffness. This elastic stiffness also creates a 

restoring force given by the fourth differential term 

4

4
2

x

y
QSK




                                                                (5) 

where Q is the Young‟s modulus of the string, S is the cross sectional area of the string and K 

is the radius of gyration. 

Using Newton‟s second equation with the sum of these two forces, we get this fourth order 

differential equation governing the motion of the string: 
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                                               (6)  

where σ is the linear density of the string at time t. This form of the equation of motion was 

first proposed by Lord Rayleigh in his paper The Theory of Sound, Vol. 1. 

It is useful at this point to introduce some substitutions: 

2

22

Tl

QSK
B


                                                             (7) 



T

l
f

2

1
0                                                               (8) 

where l is the length of the string, B is the inharmonicity coefficient and f0 is the 

„fundamental frequency‟ of the string. This frequency is never heard and is purely a constant 

of the string. If the string had an inharmonicity coefficient of 0, i.e. the partials were 

harmonic, then f0 would equal the lowest excited partial f1. Assuming the solution to equation 

6 is in the form of a complex exponential, the following equation results: 
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where f is the frequency of any possible partials. From this equation, we can see that for 

every possible f, there are four possible values of k. If we then however introduce the 

conditions for a pinned boundary, i.e. y=δ
2
x/δy

2
=0 at x=±l/2 taking x=0 to be the centre of 

the string, the values of k are now equal to n/2l, where n is an odd integer. Now, for each 

value of k, there is a corresponding value of f found using equation 9: 

)1( 2

0 Bnnffn                                                     (10) 

This is Harvey Fletcher‟s famous equation for predicting the inharmonic partial frequencies 

of a piano string first published in his paper Normal Vibration Frequencies of a Stiff Piano 

String in 1964. Note it predicts that the amount of inharmonicity increases with partial 

number. The following graphs show the experimental deviation from the harmonic for the 

first eight partials in the mid-range (F3-F4) for a 42 inch piano compared to the theoretical 

prediction: 

 

Figure 5: recorded (left) and theoretical (right) deviation from the harmonic for the 

first eight partials from notes F3-F4. Kent (1977: 60 & 63) 
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Here, we don‟t see the affects of stretched tuning as the tested notes just cover one octave in 

the mid range of the piano. We do however see that the higher numbered partials contain 

more inharmonicity then the lower ones, as predicted by equation 10. 

 

As discussed earlier in section 2.3, the lower end of the piano consists of steel core strings 

wound with copper wire to create the desired frequencies without unrealistically long strings. 

For these strings, our analysis has to be modified slightly. Most obviously, the linear density, 

σ, will change due to the core and the windings. The cross sectional area of just the windings 

can be expressed as 

 22

4
dD 


                                                           (11) 

where d and D are the diameters of the core and whole string respectively. By using 7.7 as the 

volume density of steel and 8.8 as the volume density of copper, the linear density can then 

be expressed for a wound string as 

22 62.043.5 dD                                                    (12) 

 

2.5 Fourier Analysis 

Any time-domain signal, such as a recorded sound sample, can be transformed into a 

frequency-domain signal. This lets us explore what frequencies are present in a sound, or 

more specifically in our case, what frequencies are present in the vibrations of a piano string. 

The theory stems from the idea of a Fourier series. Joseph Fourier, an 18
th

 century French 

mathematician realised that any function or signal can be expressed as the sum of many 

single sinusoids at different amplitudes, phases and frequencies. It then follows that if a 

signal can be expressed as a sum of sinusoids, the signal itself must contain the frequencies of 

the sinusoids it is made up from. 
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Figure 6: Addition of sinusoids of different phases and frequencies to replicate any 

given signal. MacQuarie University (online) 

The Fourier transform is a simple but powerful transformation which transforms a signal 

from the time domain to the frequency domain. For any input signal xn where n donates the 

sample number, its transform Xk is given by the following expression: 







1

0

/2
N

n

Njkn

nk exX 

                                       (14) 

where N is the total number of samples and j is the square root of -1.  

 

2.6 Windowing 

Windowing is used to overcome the problem of inconsistency when the sample xn is 

repeated. The sample will always be inconsistent at integer values of N, the number of 

samples in the window, unless the first and last samples are both equal to each other. A 

window is simply another function that multiples the original signal such that 
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                                        (15) 
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where wn is the window function. There are many different types of window, each with a 

different shaped peak for the transformation of a single sinusoid. You can see in Figure 7 

below that the rectangular window, i.e. no window, contains a substantial amount of noise in 

the frequency domain: 

 

 

 

 

 

 

 

 

 

 

Figure 7: Seven 

varieties of a window 

function where B is 

the noise bandwidth. 

Wikipedia, Window 

function (online). 

2.7 The Frequency-Time Uncertainty Principle 

Similar to the uncertainty principle postulated by Heisenberg in 1925 in the realms of 

quantum mechanics, there exists also a limitation relationship between time and frequency 

when it comes to sampling a sound. This relationship is expressed as 

2

1
 tf                                                             (13) 

This states that the longer the sample is, the more accurately a frequency can be determined. 

This is a crucial point to take into account when sampling a sound for analysis as the 

recorded frequencies will be more accurate if the input sample is longer. 
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3. The Experiment 

3.1 Aim 

The aim of my experiment is to see how well the inharmonicity of a single piano string can 

be predicted. The inharmonicity coefficient, B, can be calculated directly from its definition 

in equation 7 by direct substitution of the physical properties of the test piano. By performing 

frequency analysis on a variety of piano notes, a value of B can be calculated experimentally 

using equation 10 and then compared with the theoretical value.  

A further aim of this project is to investigate the overall tuning trends of a modern piano. As 

discussed in section 2.3, modern pianos theoretically are tuned sharp in the upper register and 

flat in the lower register. This is a direct result of inharmonic partials. Tests can be performed 

to a well tuned piano to try and experimentally reproduce the Railsback curve in figure 4. 

 

3.2 Method 

For the first part of the experiment, tests were done on a Broadway and Sons piano serial 

number 20304. A Marantz professional solid state recorder (model PMD660) with am Audio 

Technica condenser low-impedance microphone was used to record a series of samples. 

Three samples were taken for each note from A1 to A6 at octave intervals. On an equal 

temperament non-stretched piano, these notes posses the following fundamental frequency f0: 

Note: A1 A2 A3 A4 A5 A6 

Frequency (Hz): 55 110 220 440 880 1760 

Table 1: Frequencies of six octaves of A on a piano with non-stretched tuning. 

The piano has one string per note from the bottom of the piano up to E1, two strings per note 

up to G1 and three strings from G#1 to the top of the piano. For each sample, a plectrum was 

used to pluck one of the strings. This ensures that the attack for each sample is roughly the 

same, and that analysis is done on one piano string instead of the coupled sum of three strings 

which may not be exactly in tune with each other. 

Time was taken to ensure that the microphone was always at the same position relative to the 

string. This position was 10cm from the pinning position. Although the microphone position 

should not directly affect the frequency components recorded from the string, consistency is 



14 

 

used to ensure a „fair‟ test. To verify this, samples were also taken at 30cm intervals along the 

A0 string for frequency analysis. Figure 8 shows the experimental setup: 

 

Figure 8: Experimental setup for the inharmonicity calculation. 

For the second part of the experiment, tests were done on a Steinway Concert Grand Model D 

located in the Reid Hall. Samples were recorded immediately after professional piano tuner 

and Steinway consultant Norman Motion had tuned the piano. Norman initially uses a digital 

software called veri-tune to tune the piano. This software takes into account the 

inharmonicity of the strings. After this initial tuning of the piano, the ear is used to tune up 

the rest of the strings. Norman has experience tuning pianos that are specifically designed to 

try and resist stretch tuning and he describes their sound as “dull and flat”. He also says, “I do 

not try and fight stretched tuning. I encourage it in the treble, it gives the piano life.” 

 Due to time restraints, only one sample was taken for each note. Samples were taken over 

the full range of the piano at intervals of a quarter of an octave giving a total of 29 samples. A 

plectrum could not be used for fear of detuning the piano so the hammer was used to excite 

the string. Again the microphone position was kept constant relative to the string. 

All samples were taken at a sample rate of 44.1 kHz at a 16 bit sampling resolution. 

 

3.3 Inharmonicity coefficient results 

Firstly, the frequencies of five random partials were plotted against where the microphone 

was positioned along the A0 string. The samples were trimmed and edited in Steinberg‟s 
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Cubase SX3 and then analysed in Matlab using the Fourier analysis tool. A Hann window 

was applied to all the samples and the time period over which the transform was performed 

was trimmed to cover a continuous note sound. This time period was constantly maximised 

for each sample to increase accuracy in accordance to the uncertainty principle discussed in 

section 2.5. Figure 9 shows a graph of frequency against microphone position for four 

positions along the A0 string: 

 

Figure 9: Graph of microphone position against partial frequency for the A0 string. 

As predicted, the frequencies of the partials are independent of microphone position, however 

the relative amplitudes of these partials differ drastically. The amplitude data of each partial 

is therefore discarded as it plays no direct part in the investigation of inharmonicity.  

The frequencies for each partial from the three repeat samples of the test strings are averaged 

to minimise the experimental error in the results and all data of the energy between the 

partials discarded. All samples are read using the zoom feature in conjunction with the cursor 

read out feature in Matlab. This is to try and maximise the accuracy at which they are noted. 

A graph can then be plot of the frequencies present. Figure 10 shows plots of the percentage 

of inharmonicity against partial number for the six notes. The percentage of inharmonicity 

was calculated by the change in frequency from the harmonic partial divided by the 

frequency of the harmonic partial (n*f1): 
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Figure 10: Graphs of the percentage inharmonicity against partial number for six 

strings. 

These graphs clearly show that the piano strings are indeed inharmonic as all the partials 

contain a percentage harmonicity. As predicted by Fletchers mathematics above, the amount 

of inharmonicity in a piano string increases with the partial number. This increase is non-
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linear as shown clearly in the graphs for A3 and A4. You can also see that the higher strings 

possess less partials then the low strings. This could be as the high strings do not contain 

enough energy when plucked or struck to excite the very high frequency, high energy 

partials. The graphs also clearly show the phenomenon that the percentage inharmonicity is 

greater in the top half of the piano then in the bottom. The partials only reach 3% 

inharmonicity in the A1 string compared to around 15% in the A6 string. 

3.4 Experimental determination of the inharmonicity coefficient 

Equation 10 can be manipulated into the form of a straight line such that: 

2

0

2

0

2

2

ffBn
n

f n 







                                                    (16) 

It follows that a plot of (fn/n)
2
 against n

2
 will produce a straight line graph with a gradient of 

B*f0
2
 and a y intercept of f0

2
. Figure 11 shows this graph for each string with a least squares 

best fit line and error bars. Error propagation calculation can be found in the appendix. 
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Figure 11: Graphs of (fn/n)^2 against n^2 for six strings with the least squares straight 

line fit. 

All six graphs contain a good straight line fit. For the majority of the points, the error bars are 

invisible as they lie within the marker point displaying its position. The error bars increase 

drastically however at low frequencies, in particular the first few partials of the A1 and A2 

strings. One cause of this could be the vibrations of the bridge. All assumptions are made that 

the bridge does not vibrate, but being a solid object, this is untrue and the bridge will vibrate 

at low frequencies. This vibration is coupled with that of the string and results in the 

ambiguous coupled frequency which is being recorded. 



20 

 

The gradient of these graphs was calculated using Microsoft Excel‟s LINEST function and 

the results for B, the inharmonicity coefficient, with their perspective errors, are summarised 

bellow, along with a graph of B against piano string from Fletchers original work in 1964: 

String: A1 A2 A3 A4 A5 A6 

B: 0.00010(1) 0.00018(4) 0.00041(5) 0.00124(14) 0.0047(9) 0.016(4) 

 

Figure 12: Experimental values of B, the inharmonicity coefficient for six strings along 

with graph of Fletcher’s results for B against piano string. Fletcher (1977: 54). 

My results agree extremely well with Fletcher‟s results shown in above for a new model 

Hamilton upright piano. The large jump is observed in B between the A2 and A3 strings and 

is most lightly caused by the transition from the wound to unwound string. The previously 

discussed trend of a rising percentage inharmonicity as you rise up the piano is again 

reflected here in rising values of B. There seem to be some anomalies for the lowest three 

partials of the A2 string. By inspection, you can see that these three points on the graph are 

skewing the best line fit to a higher gradient. Methods for reducing the affect of such 

anomalies on the final result are discussed in section 4.1. 
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3.5 Comparison with a non-experimental evaluation of B 

The inharmonicity coefficient can be calculated directly from physical properties of the string 

by combining equations 7 and 8. The diameter of each string was measured to the nearest 

0.1mm using a digital set of vernier callipers. Care was taken to keep the callipers parallel 

with the cross section of the string to get the most accurate results. For the wound string, a 

measurement was taken for just the steel core (d), and the steel core with copper winding (D). 

A meter rule was also used to measure the length of the test strings to the nearest centimetre. 

The density of steel was taken to be 7.7g/cm
3
 and the Young‟s modulus to be 200x10

9
N/m

2
. 

The following calculations were made: 

String: A1 A2 A3 A4 A5 A6 

B: 0.00010(1) 0.00018(4) 0.00041(5) 0.00124(14) 0.0047(9) 0.016(4) 

CalcB: 0.000132722 0.00011723 0.000467772 0.003350219 0.026543462 0.206659 

Table 2: Experimental and calculated values of B, the inharmonicity coefficient, for six 

strings. 

As you can see, the experimental values agree well with the calculated values of B for the 

lower strings. From A4 up, the calculated values raise much higher then the experimental 

values until they are nearly a factor of 10 in disagreement. This could be caused by a number 

of things, including the nature of the boundary point which defines how much of the energy 

is confined to the string. 

 

3.6 Stretched tuning results 

The samples from the Steinway Model D were analysed in Matlab as above. The first excited 

harmonic was recorded for each note and compared with the equal temperament frequencies 

corresponding to A4 440Hz. Figure 13 shows a graph of cents deviation in frequency for each 

piano note. The deviation in cents was found using equation 3
1
. The first excited partial in the 

lowest four notes was found to be double the expected frequency. This suggests that this 

recorded value is actually f2. For these notes, the other excited partials of the string were used 

to calculate the inharmonicity coefficient similar to the first experiment, then equation 10 was 

used to determine a frequency value for f1. 

                                                 
1
 Ideal Frequencies found at http://en.wikipedia.org/wiki/Piano_key_frequencies. 
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Figure 13: Graph of piano note against cent deviation from equal temperament. 

This graph shows similar features to that of the Railsback curve in Figure 4 with the stretch in 

the treble being particularly prominent. There is a drop in the lower end of the piano but it is 

a lot less uniform then both Railsback‟s calculated and experimental data. It strikes me that 

the features of this graph can be determined to a large extent by the piano tuner. Figure 13 

confirms Norman‟s comments that he personally likes to stretch the treble. The amount of 

stretch could also be affected by the popular sound of the day. Todays accepted temperament 

for concert pianos may differ greatly to that of 1938. 
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4. Thoughts and Improvements 

This project has given me a fascinating insight into piano acoustics and a deeper 

understanding of previously semi-understood terms such as „stretched tuning‟. The physical 

side of the project compliments my own musical abilities and in a way, gives my musical 

playing another dimension of understanding. 

When zooming in on the frequency peaks in Matlab, I occasionally observed two peaks very 

close together, of which I always read the peak with the higher frequency. This dual 

frequency phenomenon is known as phantom partials. It is believed that as well as the normal 

transverse vibrations, longitudinal vibrations also occur along the length of the piano string. 

The observed phantom partials are often the sum or difference of two longitudinal partials. 

For example a phantom partial observed at a frequency just below the 13
th

 partial could be 

the sum of the sixth and seventh partials. Although it is most common for phantom partials to 

occur at the sum of two adjacent lower partials, the do sometimes occur at other combinations 

(such as the sum of partials five and eight for example). In Bank and Sujbert‟s paper, 

Generation of longitudinal vibrations in piano strings: From physics to sound synthesis 

(2004), mathematical equations are derived to predict the frequencies of these phantom 

partials but they will not be investigated any further in this project. Figure 14 shows an 

example of a phantom partial viewed in the frequency domain in Matlab. This phantom 

partial occurs just below the eight partial of the A3 note: 

 

Figure 14: A phantom partial viewed in Matlab. 
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Fletcher‟s calculations for a wound string involve many assumptions, such as the restoring 

elastic torque is entirely due to the steel core alone. Improvements have been made to 

Fletcher‟s paper to take into account the more detailed nature of a wound string. Figure 15 

shows how a wound string could be modelled to take into account the bare steel ends and 

non-uniform winding. 

 

Figure 15: Detailed modelling of a copper-wound string. Modified from Chumnantas, 

Greated and Park (2004:2). 

 

On reflection, I noticed that the first partial for each string has a percentage inharmonicity of 

zero for the first part of the experiment. This is because I took f0=f1. If however you work out 

the frequency of f0 using equation 10, the percentage inharmonicity of f1 is actually negative 

for the lower range of the piano. This strongly disagrees with the theory of inharmonicity that 

every piano string has inharmonic partials. The cause of this could be the coupled vibration of 

the string with the bridge if the bridge diverges from the model of a stiff non-vibrating object 

discussed in section 3.4. 

4.1 Increasing accuracy 

Due to the cylindrical nature of the copper winding, there was also a potential error in the 

diameter measurement. The vernier callipers could be located in position 1, 2 or one calliper 

each on the above diagram and yield a substantially different result. This was particularly 

relevant in the A0 and A1 strings. Figure 16 shows some bass piano strings where it is 

particularly obvious that the positioning of the callipers can make such a difference in the 

diameter calculation. 
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Figure 16: Winding on some of the bass piano strings. 

The experiment could have been made more accurate by determining f0 and B from pairs of 

partials and then taking the average of all the B‟s and f0‟s obtained. As only two points are 

needed to define a straight line, only two partials are needed to calculate B. This method 

would smooth out anomalies much more effectively then taking three average frequencies for 

the partials. As discussed in section 3.4, it is obvious that the lowest three points of the A2 

graph are forcing the least-squares best fit line to a greater gradient. Calculating B from an 

average of pairs of points would eliminate anomalies like these affecting the result to such a 

great extent.  

I also came across problems in Matlab when reading frequency readings from the Fourier 

transform window. The peaks were often Gaussian in shape (possibly to do with the Hann 

window). As a result of this, the precise frequency was often ambiguous. This problem could 

be solved by taking an average over more readings if time permits. Due to this Gaussian 

shape, I took my error in the frequency to be half the width of the peak at half it‟s height. 

 

There are many ways that this experiment could be extended. To move away from the 

frequency analysis, an exploration into the dual decay nature of piano strings due to vertical 

and horizontal vibrations could be conducted. However I think that an investigation into 

„limping‟ would be fascinating.  The Polish pianist Teodor Leszetycki, and most lightly Liszt 

before him, favoured a particular technique called limping or dislocation where the left had is 

played slightly before the right hand melody, the idea being that the melody note vibrates 

more vividly with already-sounding bass harmonics. An experiment similar to this one but 

concentrating on the relative amplitudes of the partials would be fascinating, especially if the 

experiment was repeated whilst freeing up various bass strings to see if there is any 

difference in the higher partial amplitudes, thus any truth to Leszetycki‟s theory. 
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5. Conclusion 

An equation for the inharmonicity of a piano string was successfully derived using Fletcher‟s 

1964 paper as a guideline. Tests were then performed on six strings of a piano and a value for 

B determined for each string. These values agreed well with a calculated value for the lower 

half of the piano, but started to deviate greatly from the calculated value for the top end of the 

piano. 

Tests were also done on 29 notes of a Steinway Model D grand piano and the Railsback 

curve successfully replicated, especially in the treble. However, the ideas that the amount of 

stretch in a piano tuning is highly dependent on the tastes of the piano tuner were also 

discussed.  

 

 

 

 

 

 

 

 

 

 

I would like to express my thanks to the following people for their help with this project: 

 

Moira Landels for giving me permission to perform tests on a newly tuned Steinway grand, 

Norman Motion for giving me a personal insight into choices and problems that piano tuners 

face, 

And Murray Campbell for successfully explaining the difference between f0 and f1 to me. 

 



27 

 

6. Bibliography 

Bank, B., Sujbert, L., 2004, Generation of longitudinal vibrations in piano string: From 

physics to sound synthesis, Acoustical Society of America Part 1 April 2005. 

 

Blackham, E., Edited Kent, E., 1977, Musical Acoustics – Piano and Wind Instruments, The 

physics of the piano, USA: Dowden, Hutchinson & Ross. 

 

Chumnantas, F., Greated, C., Parks, R., 1994. Inharmonicity of nonuniform overwound 

strings, Journal de Physique III Volume 4, May 1994. 

 

Conkin, H., Edited Askenfelt, A., 1990. Five lectures on the acoustics of the piano, Piano 

design factors – their influence on tone and acoustical performance, Stockholm: Royal 

Swedish Academy of Music. 

 

Conkin, H., 1992. Design and tone in the mechanoacoustic piano. Part III Piano strings and 

scale design. The Acoustical Society of America, September 1996. 

   

Fletcher, H., Edited Kent, E., 1977, Musical Acoustics – Piano and Wind Instruments, 

Normal Vibration Frequencies of a Stiff Piano String, USA: Dowden, Hutchinson & Ross. 

 

Harding, R., 1978. The Piano-Forte, its history traced to the great exhibition of 1851, 

London: Heckscher & Co. Limited. 

 

Shuck, O., Young, R., Edited Kent, E., 1977, Musical Acoustics – Piano and Wind 

Instruments, Observations on the Vibrations of Piano Strings, USA: Dowden, Hutchinson & 

Ross. 

 

Williams, J., 2002. The Piano, UK: Aurum Press Limited. 

URLS: 

Wikipedia. 2008. The Window Function [online] Available at: 

http://en.wikipedia.org/wiki/Window_function [Accessed 21.11.2008]. 

MacQuarie University. Adding Sinusoids [online] Available at:  

http://www.ics.mq.edu.au/~cassidy/comp449/html/ch03s03.html [Accessed 21.11.2008]. 

Hyperphysics. standing waves on a string [online] Available at: http://hyperphysics.phy-

astr.gsu.edu/Hbase/waves/string.html [Accessed 21.11.2008]. 



28 

 

7. Appendix 

7.1 Error Propagation 

 

Errors were calculated using standard error propagation calculations: 
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7.2 Raw Data Calculations 

A1 partial number 
frequency 

1(hz) 
frequency 

2(hz) 
frequency 

3(hz) 

average 
frequency 

(hz) 
harmonic 

frequency (hz) 
% 

inharmonicity n^2 (fn/n)^2 yCalc Δ(fn/n)^2 

1 
 

53.5 53.5 53.5 53.5 0.00 1 2862.25 2869.85 53.50 

2 107.0 107.2 107.2 107.1 107.0 0.12 4 2869.39 2870.74 26.78 

3 160.6 160.6 160.6 160.6 160.5 0.06 9 2865.82 2872.22 17.84 

4 214.4 214.4 214.4 214.4 214.0 0.19 16 2872.96 2874.29 13.40 

5 267.8 267.8 267.8 267.8 267.5 0.11 25 2868.67 2876.96 10.71 

6 322.2 322.2 322.2 322.2 321.0 0.37 36 2883.69 2880.21 8.95 

7 376.1 376.1 376.1 376.1 374.5 0.43 49 2886.76 2884.06 7.68 

8 430.6 430.6 430.6 430.6 428.0 0.61 64 2897.13 2888.49 6.73 

9 484.4 484.4 484.4 484.4 481.5 0.60 81 2896.83 2893.52 5.98 

10 538.0 538.0 538.0 538.0 535.0 0.56 100 2894.44 2899.15 5.38 

11 593.3 593.3 593.3 593.3 588.5 0.82 121 2909.13 2905.36 4.90 

12 647.8 647.8 647.8 647.8 642.0 0.90 144 2914.20 2912.17 4.50 

13 702.8 702.8 702.8 702.8 695.5 1.05 169 2922.65 2919.56 4.16 

14 757.8 757.8 757.8 757.8 749.0 1.17 196 2929.90 2927.55 3.87 

15 812.8 812.8 812.8 812.8 802.5 1.28 225 2936.19 2936.13 3.61 

16 868.9 868.9 868.9 868.9 856.0 1.51 256 2949.17 2945.30 3.39 

17 924.4 924.4 924.4 924.4 909.5 1.64 289 2956.80 2955.07 3.20 

18 980.6 980.6 980.6 980.6 963.0 1.83 324 2967.83 2965.42 3.03 

19 1037.2 1037.2 1037.2 1037.2 1016.5 2.04 361 2980.01 2976.37 2.87 

20 1092.8 1092.8 1092.8 1092.8 1070.0 2.13 400 2985.53 2987.91 2.73 

21 1150.0 1150.0 1150.0 1150.0 1123.5 2.36 441 2998.87 3000.04 2.61 

22 1207.2 1207.2 1207.2 1207.2 1177.0 2.57 484 3011.02 3012.76 2.49 

23 1264.4 1264.4 1264.4 1264.4 1230.5 2.75 529 3022.13 3026.08 2.39 

24 1322.8 1322.8 1322.8 1322.8 1284.0 3.02 576 3037.85 3039.99 2.30 

           
0.2959 2869.5584 

         
0.0049 1.3214 

         
B 0.00010 0.000013 

        
length /m 1.62 

         
diameter /mm 1.73, 1.03 

         

           

A2 partial number 
frequency 

1(hz) 
frequency 

2(hz) 
frequency 

3(hz) 

average 
frequency 

(hz) 
harmonic 

frequency (hz) 
% 

inharmonicity n^2 fn^2/n^2 yCalc Δ(fn/n)^2 

1 106.70 106.70 107.80 107.07 107.07 0.00 1 11463.27 11545.62 107.07 

2 214.40 214.40 214.40 214.40 214.13 0.12 4 11491.84 11551.87 53.60 

3 322.20 322.20 322.20 322.20 321.20 0.31 9 11534.76 11562.28 35.80 

4 431.10 431.10 431.10 431.10 428.27 0.66 16 11615.45 11576.87 26.94 

5 538.90 538.90 538.90 538.90 535.33 0.67 25 11616.53 11595.62 21.56 

6 647.80 647.80 647.80 647.80 642.40 0.84 36 11656.80 11618.54 17.99 

7 755.60 756.70 756.70 756.33 749.47 0.92 49 11674.29 11645.62 15.44 

8 864.40 865.60 865.60 865.20 856.53 1.01 64 11696.42 11676.88 13.52 

9 974.40 975.60 975.60 975.20 963.60 1.20 81 11740.93 11712.29 12.04 

10 1084.40 1084.40 1084.40 1084.40 1070.67 1.28 100 11759.23 11751.88 10.84 
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11 1194.40 1195.60 1195.60 1195.20 1177.73 1.48 121 11805.81 11795.63 9.88 

12 1306.70 1307.70 1307.70 1307.37 1284.80 1.76 144 11869.50 11843.55 9.08 

13 1417.80 1417.80 1417.80 1417.80 1391.87 1.86 169 11894.42 11895.64 8.39 

14 1530.00 1530.00 1531.10 1530.37 1498.93 2.10 196 11949.09 11951.89 7.81 

15 1643.30 1643.30 1644.40 1643.67 1606.00 2.35 225 12007.29 12012.31 7.31 

16 1756.70 1757.80 1756.70 1757.07 1713.07 2.57 256 12059.70 12076.90 6.86 

17 1871.10 1872.20 1872.20 1871.83 1820.13 2.84 289 12123.74 12145.66 6.48 

           
2.0835 11543.5337 

         
0.0931 12.9201 

         
B 0.00018 0.000039 

        
length /m 1.30 

         
diameter/mm 1.12 

         
 

A3 partial 
number 

frequency 
1(hz) 

frequency 
2(hz) 

frequency 
3(hz) 

average 
frequency (hz) 

harmonic 
frequency 

(hz) 
% 

inharmonicity n^2 fn^2/n^2 yCalc Δ(fn/n)^2 

1 212.2 212.2 212.2 212.2 212.2 0.00 1 45028.84 45163.25 212.20 

2 425.6 425.6 425.6 425.6 424.4 0.28 4 45283.84 45219.39 106.40 

3 637.8 637.8 637.8 637.8 636.6 0.19 9 45198.76 45312.97 70.87 

4 853.3 852.2 853.3 852.9 848.8 0.49 16 45468.45 45443.98 53.31 

5 1067.8 1067.8 1067.8 1067.8 1061.0 0.64 25 45607.87 45612.42 42.71 

6 1285.6 1284.4 1285.6 1285.2 1273.2 0.94 36 45881.64 45818.30 35.70 

7 1503.3 1503.3 1503.3 1503.3 1485.4 1.21 49 46120.63 46061.60 30.68 

8 1723.3 1723.3 1723.3 1723.3 1697.6 1.51 64 46402.55 46342.34 26.93 

9 1945.6 1944.4 1944.4 1944.8 1909.8 1.83 81 46694.41 46660.51 24.01 

10 2168.9 2167.8 2167.8 2168.2 2122.0 2.18 100 47009.47 47016.10 21.68 

11 2395.6 2395.6 2395.6 2395.6 2334.2 2.63 121 47428.92 47409.14 19.80 

12 2625.6 2624.4 2624.4 2624.8 2546.4 3.08 144 47844.27 47839.60 18.23 

13 2857.8 2856.7 2856.7 2857.1 2758.6 3.57 169 48300.77 48307.49 16.91 

14 3091.1 3091.1 3091.1 3091.1 2970.8 4.05 196 48749.49 48812.82 15.77 

           
18.7157 45144.5306 

         
0.2848 27.2013 

         
B 0.000414574 0.000052 

        
length /m 0.72 

         
diameter /mm 1.01 

         
A4 partial 
number 

frequency 
1(hz) 

frequency 
2(hz) 

frequency 
3(hz) 

average 
frequency (hz) 

harmonic 
frequency 

(hz) 
% 

inharmonicity n^2 fn^2/n^2 yCalc Δ(fn/n)^2 

1 431.1 
  

431.10 431.10 0.00 1 185847.2 186275.6 431.10 

2 866.7 864.4 864.4 865.17 862.20 0.34 4 187128.3 186968.9 216.29 

3 1304.4 1301.7 1302.2 1302.77 1293.30 0.73 9 188577.9 188124.3 144.75 

4 1744.4 1743.3 1742.2 1743.30 1724.40 1.10 16 189943.4 189741.9 108.96 

5 2190 2175 2191.1 2185.37 2155.50 1.39 25 191033.1 191821.7 87.41 

6 2646.7 2647.6 2646.7 2647.00 2586.60 2.34 36 194628 194363.7 73.53 

7 3110 3111.6 3111.1 3110.90 3017.70 3.09 49 197504.1 197367.9 63.49 
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8 3586.2 3586.2 3586.7 3586.37 3448.80 3.99 64 200969.2 200834.2 56.04 

9 4070 4075.1 4071.1 4072.07 3879.90 4.95 81 204712.7 204762.7 50.27 

10 4573.3 4573.3 4571.1 4572.57 4311.00 6.07 100 209083.7 209153.4 45.73 

11 5088.9 5087.8 5088.9 5088.53 4742.10 7.31 121 213993.2 214006.3 42.05 

           
231.0893455 186044.4989 

         
2.815616425 169.7328687 

         
B 0.001242119 0.000142148 

        
length /m 0.36 

         
diameter /mm 0.97 

         
A5 partial 
number 

frequency 
1(hz) 

frequency 
2(hz) 

frequency 
3(hz) 

average 
frequency (hz) 

harmonic 
frequency 

(hz) 
% 

inharmonicity n^2 fn^2/n^2 yCalc Δ(fn/n)^2 

1 855.6 855.6 855.6 855.60 855.60 0.00 1 732051.4 739471.1 513.36 

2 1733.3 1733.3 1733.3 1733.30 1711.20 1.29 4 751082.2 749866.1 260.00 

3 2633.3 2633.3 2633.3 2633.30 2566.80 2.59 9 770474.3 767191.1 175.55 

4 3566.7 3566.7 3566.7 3566.70 3422.40 4.22 16 795084.3 791446.2 133.75 

5 4543 4545.1 
 

4544.05 4278.00 6.22 25 825935.6 822631.2 109.06 

6 5566.7 5555.6 5555.6 5559.30 5133.60 8.29 36 858494.9 860746.3 92.66 

7 6655.6 6655.6 6655.6 6655.60 5989.20 11.13 49 904020.6 905791.3 81.50 

           
3465.004758 736006.1002 

         
103.081427 2664.211222 

         
B 0.004707848 0.000859993 

        
length /m 0.18 

         
diameter /mm 0.96 

         
A6 partial 
number 

frequency 
1(hz) 

frequency 
2(hz) 

frequency 
3(hz) 

average 
frequency (hz) 

harmonic 
frequency 

(hz) 
% 

inharmonicity n^2 fn^2/n^2 yCalc Δ(fn/n)^2 

1 1739.5 1739.4 1739.4 1739.43 1739.43 0.00 1 3025628 3008552 1043.66 

2 3478.8 3552.3 3527.8 3519.63 3478.87 1.16 4 3096955 3147094 527.95 

3 5536.7 5536.7 5561.2 5544.87 5218.30 5.89 9 3416172 3377998 369.66 

4 7736.7 7668.2 7692.7 7699.20 6957.73 9.63 16 3704855 3701263 288.72 

5 10118 10142.5 10142.5 10134.33 8697.17 14.18 25 4108188 4116890 243.22 

           
46180.75999 2962371.313 

         
1969.335512 27556.62689 

         
B 0.015589119 0.00355303 

        
length /m 0.09 

         
diameter /mm 0.95 

         
 

String: A1 A2 A3 A4 A5 A6 
   

B: 0.00010(1) 0.00018(4) 0.00041(5) 0.00124(14) 0.0047(9) 0.016(4) 
   

CalcB: 0.000132722 0.00011723 0.000467772 0.003350219 0.026543462 0.206659 
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 Q d S K l f0^2 string volume σ B 

A1 2E+11 0.00103 8.33229E-07 0.0002575 1.62 2869.56 1.34983E-06 0.0103937 0.000132722 

A2 2E+11 0.00112 9.85203E-07 0.00028 1.3 11543.53 1.28076E-06 0.00986189 0.00011723 

A3 2E+11 0.00101 8.01185E-07 0.0002525 0.72 45144.53 5.76853E-07 0.00444177 0.000467772 

A4 2E+11 0.00097 7.38981E-07 0.0002425 0.36 186044.5 2.66033E-07 0.00204846 0.003350219 

A5 2E+11 0.00096 7.23823E-07 0.00024 0.18 736006.1 1.30288E-07 0.00100322 0.026543462 

A6 2E+11 0.00095 7.08822E-07 0.0002375 0.09 2962371 6.3794E-08 0.00049121 0.206658969 

 

note frequncy /Hz 
harmonic 
frequency /Hz Δfrequency /Hz fre(+100c)/Hz 

 A0 27.34108592 27.5 -0.158914077 29.135 -9.71952 

C1 32.66869317 32.703 -0.034306826 34.648 -1.76385 

Eb1 38.86883388 38.891 -0.022166117 41.203 -0.95874 

Gb1 46 46.249 -0.249 48.999 -9.05455 

A1 54.6 55 -0.4 58.27 -12.2324 

C2 65 65.406 -0.406 69.296 -10.437 

Eb2 77.5 77.782 -0.282 82.407 -6.0973 

Gb2 92.1 92.499 -0.399 97.999 -7.25455 

A2 110 110 0 116.54 0 

C3 130.6 130.81 -0.21 138.59 -2.69923 

Eb3 156 155.56 0.44 164.81 4.756757 

Gb3 185 185 0 196 0 

A3 220 220 0 233.08 0 

C4 262.5 261.63 0.87 277.18 5.594855 

Eb4 312.1 311.13 0.97 329.63 5.243243 

Gb4 370 369.99 0.01 392 0.045434 

A4 440 440 0 466.16 0 

C5 524 523.25 0.75 554.37 2.410026 

Eb5 625.1 622.25 2.85 659.25 7.702703 

Gb5 742.5 739.99 2.51 783.99 5.704545 

A5 885.2 880 5.2 932.33 9.936939 

C6 1053.4 1045.5 7.9 1108.7 12.5 

Eb6 1253.4 1244.5 8.9 1318.5 12.02703 

Gb6 1490.3 1480 10.3 1568 11.70455 

A6 1775.3 1760 15.3 1864.7 14.61318 

C7 2115.4 2093 22.4 2217.5 17.99197 

Eb7 2531 2489 42 2637 28.37838 

Gb7 3021.2 2960 61.2 3136 34.77273 

A7 3608.7 3520 88.7 3729.3 42.37936 

 


